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Final purpose: unigue existence of weak and strong
solutions to initial boundary value problem

8?)/14 = Z?j:]_ 0; (u,-]-(x, t)&,-u)
+ X" bilx,)d;u + c(x, t)u + F(x, 1),

j=1
ulpo =0, u(,0 = a.

8;")/: generalized Caputo derivative, 0 < & < 1:

1 g dv
¢ ov(t) := t—s) %yt —s)—(s)d
o) = fo (t = )yt = 5)—(s)ds



Glance at the results:

Similar results to y = 1 (Caputo derivative) for
e extremum principle - comparison principles

e coercivity of 9%
Ly

e \Weak solutions to Iinitial-boundary value problem for
time-dependent coefficients

Same treatment for & > 1 except for extremum principle



§1. Introduction

Caputo derivative: 9%v(t) = rr— ['(t — $)™*050(s)ds, 0 < a < 1

for v € WY(0, T) (<= v,v’ € L'(0, T)))
Which class of v should we consider? W1(0, T) is too narrow!

Example. a?v(t) = f(t) € L2(0,T) and v(0) = 1 with 0 < & < %: no solutions!!!
0— 5 2 a+6—1
—for f(t):=t 2 € L=(0,T)and small 6 > 0 we should have v(t) = ¢yt 2

For f € L*° (0, T), solution exists.

—> The domain for 8;" should be wider than W11 (0, T) in order to admit f € 1.2 0,T).



§2. Generalized Caputo derivative
IN Sobolev spaces

Generalization of the theory for Caputo derivative to

1 g do
* = t—s) %yt —-—s)—(s)ds, 0 1
o, o0) = fo (t =)yt =9 —(s)ds, 0<ar<

Assume

y € WY*(0,T),qx > 1, y(0) £ 0,
{ FLE <o e

SUPo<g<T

& y € C'[0, T] and y(0) # 0 are enough.

y =1 = classical Caputo derivative



Theoretical topics of my talk

e |somorphism of 8;*)/ In the Sobolev spaces
e Maximum principle: extremum principle

e Coercivity of 8‘:)}
e [BVP (initial boundary value problem) for

0 u=A)u+ F
t,y



Existing works from other viewpoint
(84 t —_— 0
Btlyv(t) = 1 j(; (t —s) " %yp(t —s) % (s)ds

I'1—-a)
y(t)
rl—-a)t&

Kochubei (2011), Luchko-Yamamoto (2016)

Set g(t) :=

Their class of y requires

o (LY(p):= [~ eP'g(t)dt exists for p > 0.
o lim,,(Lg)(p) =0, lim,, p(LY(p) = oo
e lim,_o(Lg)(p) = oo, lim,_,o p(Lg)(p) = 0, etc.

y = 1 satisfies all!



The class of y guarantees complete monotonicity of solution ¢,
with A > 0:

8;"yr,b(t) = =AyY(), Y0 =1
We say i complete monotonicity if

d"y

dt"

(-1)" >0, t>0,n=0,1,23,..

y =1 = Y(t) = E, 1(—At*): complete monotone

Our class for y Is different and aims more at PDE-consideration
e.g., for Sobolev regularity!



§3. Definition of 8;")/ In Sobolev

spaces

< Gorenflo-Luchko-Yamamoto (2015),
Kubica-Ryszewska-Yamamoto (2020)

H*(©0,T), 0<a< %

3 T o)
H,(0,T) := {v €HZ(0,T); | “=5-dt< }
{u € H*(0, T); u(0) = 0}, % <a

”uIIHa(O,T)I o F 57

1/2
T |u@)? _ 1
j(‘) n dt] y o = 5

llull?

H1 (0,7)
2

el 0.1) 2= [



Fi - s)"¥yp(t - s) % (s)ds, 0 < & < 1forv € Wil(o, T)

0% — 1
Recall at’yv(t) = Ti=a Jo

Assume

{ y €WHO,T) y0) #0,

SUpg st |5 5 (5)| < oo withsomex >1andf € (0,1).

Theorem 1 (Yamamoto 2020).

Unigque extension 8“Y of 8"‘)/ exists such that

(i) 80‘yv Is defined for v € H,(0, T)
(”) ”azyvlllz((),T) ~ ”v”Ha(O,T)

Henceforth we write 0% = 9%
t,y t,y

yt—%  p)~¢

= + o(t—%) = Caputo derivative + perturbation
I(l-a) TId-a)

Essence:




Representation of 8;")/:
(Gorenflo-Luchko-Yamamoto 2015) =

J%o(t) := %a) fot(t — s)*~1y(s)ds : L2(0, T) — H (0, T) is bijective and isomorphism
Set

a _ qoy—1 — 1 RN 2l B — tﬂ —
8t =(J7) 7, q(s):= . A - "n" “ylsndn, Ku)(t) := 0 7 (t — s)u(s)ds

S

sin T

= @F V0 =0 (y(O) - 1<) ot), 0<t<T, veHg,T)

Here K : L2(0, T) — L2(0, T); compact by | Z—Z (s)]| < cs~P (weak Hilbert-Schmidt opertor)

y(0) — Sin%K : L2(0, T) — L2(0, T): isomorphism



Application to fractional ordinary differential equations
Letr € L*°(0, T) and f € L2(0, T),

8?‘)} (@) —a) =r)o@)+ f(t), t>0, v—ae€Hy(,T)

Remark: v —a € Hg (0, T) = v(0) = a for % <
because v —a € Hy(0,T) = v(0) —a =0

Unique existence of solution: Theorem 1 =
Lo = 0% )~1.12(0,T) — Hg (0, T) is isomorphism

4

B?Y (o) —a) =rMo@) + f(t), t>0, v—ae€Hy(,T)

S v=Larv)+a+Lof

Ly is compact in L2 (0, T)! Fredholm alternative = unique existence



Proof of unigueness: (= conclusion)
Letu = Lag (1‘1/!) -

. t d t
u() = = 20 2t — Syus)ds + — f t — $)* L) (s)ds
ny© Jo ds yOT(@ Jo

t t
lu(t)] < Cfo (t — s)_ﬁlu(s)lds + Cj(; (t — s)a_llu(s)lds

Gronwall inequality = u =0



§4. Extremum principle

Stronger assumption:
y € C0, ), y(t) > 0, ty’ () — ay(t) < 0fort > 0.

Theorem 2 (Y. 2020).
Let v € C1(0, T] and v’ € L'(0, T) and attain minimum at

0<ty <T. Then
8:‘)/7)(130) <0

Remark: maxmimum = 8§‘yv(t0) > 0 (replace v by —v).

Proof. Similar to Luchko (2009).



Application: Let c(x, t) < 0 and

8? ulx, t) = Au+ clx, hulx,t), x€Q, t>0

/4

If uloaxom = 0and u(-, 0) > 0, then

>0 onQxI[0,TI
under some reqgularity.

We can relax regularity and remove ¢ < 0.



§5. Coercivity

Trivial for @ = 1: [ o(Hd;v(®)dt 2 0 if v(0) = 0.

Theorem 4 (Y. 2020).
Let

y € C[0, T],
y#) >0, ty't)—ay®) <0, 0<t<T

() o@®)o] vt 2 30 WH®,0<t<T
for v € C[0, T] with v(0) = 0.

t
(ii) f (t — s)“'lv(s)8fyv(s)ds > Jcolo@)I
) ,

for0<t<Tandv € H,(0, T).



Application of coercivity: a priori estimate

4

{ 8? wmw—a)=Au inQx(0,7),
_ Lo = 2 1
“lag =0, u(,0) =ae€H~(Q) nHO(Q)

=>8tof wmw—a)=Au—a)+Aa =

4

f 0% (u— a)x,s)u — a)(x, s)dx + f IV(u — a)(x, s)|2dx = — f Va-V@u — a)(x, s)dx
Q Ly Q Q

fot(t — s)®~1...ds: order-preserving

2 t 1 2
cilln =012, 4 [ =9 IVG - a6 IR, ds
12 Jo L2(Q)

t t
<Ce f t-9¥ Lasvall®, +e f t - )* YV - a), 9%, ds
0 12(Q) 0 L2(Q)

with € << 1.



—

t
lw—a)C D%, + f t -9 YWV -a), 2. ds < C||Val?
L2 Jo L2(Q) L2(Q)

—> A priori estimate:

+ IV = a)||? < C||Val|?

Il = ally 0o o 1,12 (0)) L2(0,T;L2(€Y) L2(Q)



§6. Initial boundary value problems

We assume

y(® >0,

{ y € C'0, T,
/() —ay(®) <0, 0<t<T



u(‘, t) E H; (Q),

{ 8?)/(14 —a)x, )+ ABulx,t) = F in HY(Q),
ulx,:) —alkx) e H,(0,T), x € Q.

Here Q c IR smooth domain, H-1(Q) = (H;(Q))’,
—-A(u = Z‘Zj:l 8,-(ai]-(x, t)a]'u) + Z‘?:l b]-(x, t)&‘]-u + c(x, t)u,

where a;; = a;;, bj, c € C2([0, T1; CL(Q)).



Theorem 5 (weak solution).
Let F € L?>(0, T; H1(Q)) and a € L*(Q).
(YA 1ueL?0,T; H;(Q)) such that

[lu — a”Ha((),T;H_l(Q)) + IIVu”LZ(O,T;LZ(Q))
S C(”a”LZ(Q) + ||P”L2(0,T;H—1(Q)))

(1) (continuity at £ = 0).
Let F € LP(0, T; H™'(Q)) with p > 2, a € H (Q). Then

2 0
I = allyoo g 1.12(0) < c@* ||6l||H(1)(Q) + tIFllp o, r:m-10))

pa—2

with 6 = =)

> 0.




Theorem 6 (strong solution).
Let F € L*(0, T; L*(Q)) and a € H_(Q).

A1 u e L?*0, T; H*(Q)) such that

lu = ally, o, r.120) + 20,1020

< Cllall 1,0, + IFll 20 7:22cn)
Hl(©) (0,T;L=(C)



Key to proofs: Galerkin method
Kubica-Ryszewska-Yamamoto 2020 for classical Caputo

derivative

e Construct solutions of finite dimensional approximating
systems

e Coercivity = uniform a priori estimate of approximate
solutions

e \Weak convergent subsequence to the solution



Part Il. Inverse Problems



Contents of Part Il
Three kinds of inverse problems for fractional partial differential

equations

Messages:
We have many interesting and important inverse problems.



Contents of Part I

e §1. Introduction

§2. Determination of fractional orders

§3. Backward problems in time for order € (0, 1)
§4. Backward problems in time for order € (1, 2)
§5. Determination of coefficients



§1. Introduction

Q c R% with smooth boundary 9Q

d
*ule, t) = Y, 9ilaij()dulx, D) + cu
i,j=1
Forward problem:
Solve initial boundary value problem — prediction
Inverse problems:
How to determine «, a;;, Initial, boundary value,
shape of Q. =
modelling, basement for forward problems
Variety of inverse problems!



Mathematical issues for inverse problems:
unigueness, stability

varieties of inverse problems X varieties
of fractional equations as models
— Varieties 1%

Many interesting inverse problems for fractional
differential equations!!



§2. Determination of fractional
orders

8?u = —(-APu, xe€eQ, t>0,
” ulaQ =0, t>0,
p ux,0) =alx), xe€Q If0<a<l,
ulx,0) = alx), Jdmulkx,0 =0 Ifl<a<?2.

Inverse problem: determine a« € (0,2) and € (0,1)
by u(xp, 1), 0 < t < T with fixed x¢ € Q.



Remark.
e Caputo derivative:

t n
%v(t) = ! f (t—s)"~ @1 d v(s)ds, n-1< a < n.
t I'n—a) Jo ds"

e We can replace —A by Zf’jz L 0i(aij(0)9)) + c(x).
Maybe we can treat non-symmetric operators.

About forward problems: a monograph
Kubica-Ryszewska-Yamamoto (Springer, 2020)



Remark. (—A)P: fractional power of —A
< spatial derivative of order 23
a, B = important physical parameters

Inverse problem.
Let xo € Q be fixed. u(xy, 1), 0 <t < T =
a € ((0,2) \ {1) and B € (0, 1).

Uniqueness <= How much information data have?



Determination of fractional orders at

laboratory base

""' B . —— e

Ranom walk <X2 > ot

Normal diffusion by Fick’s
law a=1

| d on the micro-model

Comparison of laboratory data
with numerical results by
Monte Carlo method

P

| @
S)
@ <
&
.

Continuous time random walk
(micro-model)

<x2>oct“ O<a<l




Related works on determination of
orders

Hatano, Nakagawa, Wang and Yamamoto 2013

Li and Yamamoto 2015: uniqueness for mutiterm cases
Yu, Jing and Qi 2015

Janno 2016: unique existence

Janno and Kinash 2018

Krasnoschok, Pereverzyev, Siryk and Vasylyeva 2019
Ashurov and Umarov 2020: arXiv:2005.13468v1



Other examples of data:

f ulx, t)px)dx, 0<t<T: p:weight
Q

Vu-vixg,t), 0<t<T

v(x): unit outward normal vector



Preparations
0< A <A <--+ —> oco: set of eigenvalues of —A with

ulpg = 0.

—A@kj = Ak @rj, 1 < j < my, my: multiplicity of Ay
@k, 1 < j < my: orthonormal basis

(Pkjr Pif) = o PrjPridx = 1ifi=j, = 0ifi # j

Ak APrih<j<m, - €igensystem of —A with ulyg = 0



Fractional power of —A:

oo mij.
(-APo = Z Ai Z(v, Pkj)Pkis
k=1 j=1

v € D((-A)P) c H*(Q) : Sobolev-Slobodeckij space
sin 7t ©o
(-A)FPa = — P f nP(=A+n)1ad
0

in L2(Q) with 0 < B < 1 (e.g., Pazy).

Eyi1(z) = Mittag-Leffler function

= l"(ckk + 1)



Theorem 1 (unigueness) .
Leta € HXQ)ifd =1,2,3 (a € H(Q) with y > 4),

a>20%0 or <0,Z0 InQ,

and
M,
ko € N, Y (@, @iy )Py j(0) # 0, gy # 1.
=1

Then uyglxe, 1), 0 <t<T
= (a,p) € 0,2\ {1} x (0,1 1to1



Simplified case .

Assume my = 1. Ak Is simple for all k, =A@y = A k.
Corollary (unigueness)

() ae Hg(g) ifd=1,2,3,

a>20%#0 or <0,Z0 InQ

() dko € IN, (a, Qi) Pi,(x0) £ 0 and A, # 1.
Then u,gxo, 1), 0 <t <T &
(a,p) € ((0,2)\ {1) x (0,1) 1to 1



Remark.

e (i) Is essential for uniqueness of S.
Let Ay =1 and —A@1 = ¢1. Then
Uap(x, 1) = Eg1(—t*)p1(x) forx € Q, t > 0.
No information of !

e (I) = uniqueness for «a

e Tatar-Ulusoy (2013):

(a, i) > 0 for all Kk = uniqueness.
Our proof producces the same conclusion.

o Let A, # 1 for all k.

Then a(xg) # 0 = uniqueness for g.



Main ingredients for proof.
(1) Eigenfunction expansion
(2) Asymptotics of Mittag-Lefller function

N +1
ST
Ir1-af) ¢

Ea,l(_t) —

), t>0— o
t1+N
=1

(3) Strong maximum principle for (—=A)P:



§3. Fractional diffusion equations
backwardintimefor 0<a <1

with Profs G. Floridia (Universita Mediterranea di Reggio

Calabria) and Z. Li (Shandong University of Technology)
—Au = Z?j:l di(a;j(x)dju) + c(x)u,

where ¢ < 0, D(A) = H*(Q) N H;(Q).

Bfu = —-Au InQ,
Ulpao =0, u(,T)=0>b.



unique existence u € C([0, T1; L*>(€2)) N C((0, T1; H*(2) N H; (Q))
to Bfu = —-Auwith u|yo = 0and u(-, T) = b

(Sakamoto-Yamamoto 2011)
e memory effect or weak smoothing
e Different from a = 1.



Our purpose:
Backward problem in more general cases
8?u = —Au + F?

Here F = F(¢)? F = F(t, u(t)): semilinear

Ref:

N.H. Tuan - L.N. Huynh - T.B. Ngoc - Y. Zhou (2019),
We may get better results!?



Preliminaries
(1) 0 < A1 £ A £ ..... eignvalues of A with multiplicities,

@x: eigenfunction for A, (@, @r) = Ojk. Il - Il = Il - ll;2(q)

(1) Eap(2) = X, r(;: v (Mittag-Leffler function).

(1) S@®a = ¥~ (@, @)Ea1 (At @y,
Kitya=Y7 t*W(a, Pr)Ey o (A1) @i, a € L*(Q)

=
IS@ally2q) < CE%llall, 1IS@all < Cliall

IAYK(@®)all < Ct*"" P jal,0 <y <1,t>0



§3.2. Non self-adjoint A

—Lu := Z di(a;j(x)o;u) + Z bi(x)0;ju(x) + c(x)u

i,j=1 j=1
=: —Au + Bu

8:‘u =—Lu inQ,
ulpao =0, u(T) =0b.

Theorem 3.
For b € H*(Q) N H;(Q), there exists unique solution u with same

regularity as in Theorem 2.



Key to Proof

First Step.
8?14 = —-Au+Buin Q, u|lyo =0, u-,0) = a =

1, (8) = S®a + [ K(t — s)Bu,(s)ds, where S(¢), K(t) are
constructed for —A = b = S(T)a + fOT K(T — s)Bu,(s)ds <

T
a=S(T)"1 (b — f K(T — s)Bug (s)ds]
0
T
= S(T)_lb — S(T)_1 f K(T — s)Bug(s)ds = S(T)_lb — Ma
0

Here
T
Ma := S(T)~1 f K(T — s)Bug (s)ds
0

Unigque solvability for a?



Second Step: compactness of M : L*(QQ) — L?(Q).

We can prove |[Au(t)|| £ Ct—%¥||a|| (Sakamoto-Yamamoto for B = 0)

Let0 < 0 < %

5 r T 1.5 1
Alt f K(T — s)Bug (s)ds f A2 K(T — s)A 2 Bug(s)ds
0 0

T 1 T 1_5_
scf (T - 5279 1||Aua(s)||dsSCf T - 982 70 L= 4011 < Cllall
0 0

0 T 0 T
A S(T)_1 f K(T — s)Bug (s)ds|| < C Alt f K(T — s)Bug (s)ds|| < Cl|all.
0 0

— M : L2(Q) — H2%(Q) is bounded
M:12(Q) — L2(Q) is compact



Third Step:
Fredholm equation of second kind:
a=S(T)"'b - Ma

Well-posedness <="b=0= a = 0"

< Backward unigueness

8;"14 =—Lu InQ,
ulaﬂ — OI u('l T) =0

=

u(-,0) = 0.



Fourth Step: Backward uniqueness.
P,,, m € IN: eigenprojection for eigenvalue A,, of L

Closed subspace spanned by all the generalized eigenfunctions
is L2(Q2). (Agmon)

—> P,a=0,meINImplya=0.



Set
um(t) := Ppau(t), am := Pma

-

a;*um = (—Am + Dm))um =: Jum (Jordan form) where D£1 = 0 with large ¢.

X (Jix)k
Tak+1)

— um(t) —_ Eall(]ta)am = m

k=0

Setuy = (”1141”“’ u%)T and ay = (“1141""’ “Zn\l)T where T tranpose
We can represent

ul (1) = Ey 1(-Amt®)al +---



u(lM=0=u,,(T) =0

By Eall(—/\mTa) + 0=

az = 0, then

a1 =0, then .....
m

al =0.
m

= a,, = 0 form € IN.

Thus a = 0!



§4. Fractional wave equations

backward intime for 1< a <2

with Profs G. Floridia (Universita Mediterranea di Reggio
Calabria)

Recall —Av(x) = Z‘?i= . di(a;j(x)d;v(x)) + c(x)v(x) with ¢ < 0,
D) := H*(Q) N H;(Q).

Direct problem:

8?‘u(x, ) = —Aulx,t), x€Q, t>0,
u(-,0) =a, o;u(,0) =0b, x € Q.



0 < p1 < Uz <---—> oo: set of eigenvalues
Let {®,j}1<j<m, - Orthonormal basis of Ker (A — u,,)

Proposition (direct problem: Sakamoto-Yamamoto).
For a, b € L*(Q), there exists a unique solution u,, ;:

(Timyoo [, B) = allj2gy = limyoo 196, ) = blly-2,0) = 0,
Ugb (x, t) = Z:;l Z?;”l{(a, (Pnj)Ea:,l(_[inta)

1 +(bl (Pnj)tEoz,Z(_[Jn ta)}(Pn] (x) In C([Or T]; L2 (Q))I

drttap(x, 1) = X0 Z.’]”.’;" {—uat* 1 a, Pu;)Eq o (—p,t*)

(b, @nj)Ea (= t)} @y (x) in C([0, T1; H-*(Q)).



Backward problem:
Let T > 0 and ar, by be given. Find u = u(x, t) such that

8fu=—Au, xe€Q t>0,
u(-, T) = ar, Jwu(-,T) = br, x € Q



Theorem 4.1 (generic well-posedness).
There exists a finite set {14, ...., My} C (0, co0) satisfying:

(i) If
o M % NN %
T — Al ’
Of(E) (&) |

then for any ar, br € H*(Q2) N H;(Q), there exists a unique

a,b € L*(Q) such that u, (-, T) = ar and d;u, (-, T) = br and
larllg2q) + 1PTllg2) ~ llall2q) + 1Bl 2q)-

(i) No uniqueness for backward problem if

Ol )



Remark:

The set U {(Z_:l)% ,...,(’L_ZZ)%}

e has 0 as unique accumu

1
e isincluded in [o,(’zl—lj)“

ation point

—

backward problem is we

l-posed for T > ('L—Z;’)

S



Summary for backward problem in time.

0 < @ < 1: well-posed forany T > 0.

« = 1. severely ill-posed but uniqueness and conditional
stability for any T > 0.

1 < o < 2: well-posed for T > 0 not belonging to a
countably infinite set. Non-unigueness for such exceptional
values of T.

a = 2. Well-posed. Also conservation quantity such as
energy, which is impossible for a # 2.



Sketch of Proof. u(-, T) = a and d¢u(-, T) = by &

(u/(Pn])Ea]_( FnTa)+(b (Pn])TEaz( PnTa)—(aTr(Pn])
@, Py ) —pnT* L Ea,a(=pnTY) + (0, 4 Eq, 1 (—nT) = (b, Py )

— linear system w.r.t. (a, (pn]-) and (b, (Pnj)

Determinant of coefficient matrix = g (u, T%), where

Y = Eq 1 (=1)* + 1Eq 2 (-DEa,a(-m), 1> 0

Well-posed of backward problem <= ¢Y(un T%) # 0, Vn
Asymptotics of Mittag-Leffler functions = (c0) < 0
Y(0) = 1 > 0 Intermediate value theorem = dng YP(ng) = 0
n: analytic in n > 0 = finite zeros: 11, ..., 1 € (0, )
1
Nk )

nmg) =0 & unT® =1y, thatis, T = (”



Thank you very much.
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